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Abstract
First-principles density functional calculations are used to study the nucleation and stability of L12-ordered precipitates in Al–Sc–Li
alloys. For dilute Al alloys, there are three possible ordered L12 precipitates: Al3Sc, Al3Li and an Al3Sc/Al3Li core/shell structure. To
calculate the nucleation behavior, information about bulk thermodynamics (both static total energies and vibrational free energies),
interfacial energetics and coherency strain is required. The study ﬁnds the following: (1) the coherency strain energies for forming coherent interfaces between Al/Al3Sc, Al/Al3Li and Al3Sc/Al3Li are relatively small, owing to the small atomic size mismatches in these systems; (2) the sublattice site preferences of Sc and Li are calculated, and it is demonstrated that Sc and Li share the same sublattice sites in
both Al3Sc(L12) and Al3Li(L12), in agreement with recent experimental results; (3) the calculated solubilities of Sc and Li in a-Al alloys
are in good agreement with experimental values and, for Sc, agree well with prior ﬁrst-principles results; (4) the interfacial energies for
Al/Al3Sc, Al/Al3Li and Al3Sc/Al3Li for (1 0 0), (1 1 0) and (1 1 1) interfaces are calculated: the values of the Al/Al3Sc interfacial energies
are signiﬁcantly larger than those of the Al/Al3Li and Al3Sc/Al3Li interfaces; (5) combining the bulk and interfacial energies yields the
nucleation barriers and critical radii for Al3Sc and Al3Li precipitates; and (6) the energetic stability of the Al3Sc/Al3Li core/shell structure is compared with individual Al3Sc and Al3Li nuclei, and the range of precipitate sizes for which the core/shell structure is energetically favored is determined quantitatively.
Ó 2011 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Al-rich Al–Sc–Li alloys are model metallic systems
which have many potential applications owing to the signiﬁcant increase in strength and stiﬀness compared with
pure Al [1–4]. Of all the dilute additions to Al, Sc yields
the largest increase in strength on a per atom basis, owing
to the formation of a high number density of coherent
Al3Sc(L12) precipitates during aging treatments between
300 and 350 °C [5]. Since the solubility of Sc in Al is small,
and the cost of Sc is high, there is increasing interest in
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substituting other elements, such as Li, Cr, Ti, Zr and
rare-earth elements for Sc [6].
Each weight per cent of Li added to an Al alloy results
in a nearly 3% decrease in density and a 6% increase in
Young’s modulus, leading to improvements in speciﬁc stiﬀness and a weight savings for structural applications [1]. In
addition, there is a large strength increment produced by
the formation of metastable and coherent d0 -Al3Li(L12)
precipitates, with an achievable volume fraction of up to
30%, owing to the high solubility of Li in Al [7]. Therefore,
ternary Al–Sc–Li alloys have the potential for being technologically important alloys with high speciﬁc stiﬀness,
improved thermal stability and creep resistance due to
Al3Sc precipitates.
Atom-probe tomography (APT) and transmission electron microscopy studies performed on Al–Sc–Li alloys
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reveal the development of both single-phase a0 -Al3Sc(L12)
precipitates and metastable d0 -Al3Li(L12) precipitates and
complex precipitates consisting of an Al3Sc core surrounded by a d0 -Al3Li(L12) shell [8–10]. A detailed APT
study demonstrates that a two-stage aging treatment initially promotes the nucleation of a0 -Al3Sc(L12) at 350 °C.
And then as a result of a second aging treatment at
200 °C, larger a0 -Al3Sc(L12)/d0 -Al3Li(L12) core/shell precipitates are formed, and isolated smaller d0 -Al3Li(L12) precipitates are nucleated. In addition, Li and Sc are found to
be partially soluble in the a0 -Al3Sc(L12) and d0 -Al3Li(L12)
phases, respectively [10,11].
First-principles density functional theory (DFT) calculations were used to study precipitation in these Al–Sc–Li
alloys. There are prior theoretical calculations concerning
short-range and long-range order, phase equilibra and stabilities of many Al binary systems [12–16]. Binary alloys
that form the basis of the Al–Sc–Li system have also been
studied by DFT calculations. These previous DFT calculations focused on Al–Sc and Al–Li binary alloys [17–22],
and demonstrated that Al/Al3Sc(L12) has signiﬁcantly larger interfacial energies than does Al/d0 -Al3Li(L12). Additionally, Ozolins et al. calculated accurately the solubility
of Sc in Al, and showed that the solubility is strongly
dependent on vibrational entropy [18,19,23].
In the present research, results are presented concerning
the nucleation stability of Al3Sc(L12) and Al3Li(L12) in Alrich Al–Sc–Li alloys using ﬁrst-principles calculations. The
solubilities of Sc and Li (with respect to formation of Al3Sc
and Al3Li, respectively) at diﬀerent temperatures are determined by calculating the free energies of the dilute solid
solution and the ordered L12 phases. The coherency strains
and related interfacial energies for Al/Al3Sc(L12), Al/
Al3Li(L12) and Al3Sc(L12)/d0 -Al3Li(L12) are also calculated. The stabilities of isolated precipitates and core/shell
structures are investigated, and the latter are shown to be
energetically stable. Finally, the thermodynamic substitutional path and sublattice site preference of Sc and Li are
determined, and it is demonstrated that Sc and Li share
the same sublattice sites, in agreement with APT results
[10].
2. Computational methodology
DFT calculations employed plane-wave total-energy
methodology with both local density approximation
(LDA) [24] and generalized gradient approximation
(GGA) [25] for exchange correlation, as implemented in
the Vienna ab initio simulation package (VASP) [26–30].
The projector augmented wave (PAW) potentials was used
[31]. Unless otherwise speciﬁed, all structures were fully
relaxed with respect to volume as well as all cell–internal
atomic coordinates. The convergence of results with respect
to energy cutoﬀ and k-points was carefully considered. A
plane-wave basis set was used with an energy cutoﬀ of
300 eV to represent the Kohn–Sham wave functions. The
summation over the Brillouin zone for the bulk structures
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is performed on a 0.13 (1/Å) spacing Monkhorst–Pack
k-point mesh for all calculations.
The vibrational thermodynamic properties are essential
for calculating the temperature dependence of the solubilities and nucleation energies of Sc and Li in Al. The harmonic approximation was used for all vibrational
calculations. To calculate the phonon dispersions for the
solubility of Sc and Li in Al, the frozen-phonon method
was used [32–34] to compute the vibrational thermodynamics for dilute solutions of Sc or Li in Al, as well as for the
Al3Li andAl3Sc phases. For the Sc or Li dilute solid solution AlnZ (n = 31, Z = Sc or Li), a 32-atom cubic cell
(2  2  2 conventional cubes of face-centered cubic
(fcc)) was used with either a Sc or Li atom replacing Al
on the central site. For the Al3Sc and Al3Li phases, supercells of 3  3  3 cubic units cells, comprising 108 total
atoms, were used. The vibrational free energies of these
cells are obtained from the phonon density of states using
standard thermodynamic expressions.
3. Results and discussion
This paper presents calculations of the nucleation barriers and stability of core/shell structures in Al–Sc–Li alloys.
To accomplish this, the energetic and thermodynamic
properties of the bulk phases, as well as the interfacial energies, needed to be determined. First, the ﬁrst-principles
results of the bulk properties are discussed, including the
formation energies of the L12 structures, lattice parameters,
elastic constants and strain energies, and subsequently the
calculated interfacial energies are discussed. From these
results, a more complete physical picture of the energetics
of nucleation of L12 structures in dilute Al–Sc–Li alloys
is obtained. These energies permit an understanding of
the stability of both isolated and core/shell precipitates,
and for the prediction of the stable precipitate morphology
in dilute Al–Sc–Li alloys.
3.1. Bulk properties: the ground states of ordered Al3Sc and
Al3Li
This section commences with results for the groundstate stability of Al3Sc and Al3Li in diﬀerent commonly
occurring intermetallic crystal structures. Four-types of
ordered structures for Al3Sc and Al3Li are considered:
L12, DO19, DO22 and DO23. There are prior ﬁrst-principles
calculations for Al3Sc(L12) and d0 -Al3Li(L12) (e.g., Ref.
[35]), and the present methodology is compared with previous calculations and experiments to determine the degree
of agreement. The calculated formation energies are listed
in Table 1. The agreement between ﬁrst-principles and
experimental formation energies [19,35–37] for the stable
ordered structures for Al3Sc is good, and there is only a
small (10%) but systematic deviation between the LDA
and GGA results. Both LDA and GGA demonstrate correctly that the experimentally observed L12 structure is
the lowest-energy structure for both Al3Sc and metastable
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Table 1
DFT calculated formation energies (eV per solute atom) of Al3Sc and
Al3Li for the L12, DO23, DO19 and DO22 structures, using GGA and LDA
methods; calculated values are compared with previous calculations and
experimental data, when available.
Al3Sc

L12
DO23
DO19
DO22
a
b
c
d
e

Al3Li

Literature
values

LDA

GGA

Literature
values

LDA

GGA

1.96a, 1.99b,
1.80c
–
–
1.53b

1.99

1.81

0.44

0.39

1.79
1.73
1.57

1.63
1.57
1.44

0.41d,
0.43e
–
–
–

0.41
0.33
0.39

0.36
0.28
0.34

LDA VASP, Ref. [35].
LDA VASP, Ref. [19].
Experimental data [38,39].
LDA VASP, Ref. [35].
COST507 CALPHAD database [35].

coherent interface results in a coherency elastic strain
energy which aﬀects nucleation behavior, among other
things. The coherency elastic strain energy is related to
the energy of deformation of the phases for speciﬁc interfacial orientations. The strain between ordered precipitates and the disordered matrix has important eﬀects
on the nucleation behavior, coherent phase stability
and other properties. In harmonic elasticity theory, this
elastic strain energy is related to the elastic constants.
The bulk modulus B can be calculated from ﬁrst-principles total energy calculations by considering a hydrostatic deformation. The three elastic constants C11, C12
and C44 of a cubic crystal are determined by either
tetragonal or trigonal lattice distortions [40]. The bulk
modulus B, the anisotropy ratio A and the Voigt averaged shear modulus hGvi are given by
C 11 þ 2C 12
3
2C 44
A¼
C 11  C 12
3C 44 þ C 11  C 12
hGv i ¼
5

ð1Þ

B¼
0

d -Al3Li. DO23 is the second lowest-energy structure among
the four for Al3Sc and Al3Li. DO22 and DO19 are the leaststable structures for Al3Sc and Al3Li, respectively. The calculated lattice parameters are: 4.032 Å (GGA) and 3.982 Å
(LDA) for fcc Al; 4.103 Å (GGA) and 4.027 Å (LDA) for
Al3Sc(L12); and 4.021 Å (GGA) and 3.965 Å (LDA) for d0 Al3Li(L12), which are in good agreement with the experimental results (Table 2). The calculated lattice parameter
mismatch is 1.7% for Al/Al3Sc(L12), 0.2% for Al/
Al3Li(L12) and 2.0% for Al3Sc(L12)/Al3Li(L12) employing
GGA calculations. These lattice parameter mismatches are
small, and the relative values for the three systems are qualitatively consistent with (but smaller than) experimental
values: 2.2% for Al(fcc)/Al3Sc(L12); 0.9% for Al(fcc)/
Al3Er(L12); and 0.75% for Al(fcc)/Al3Zr(L12).
3.2. Bulk properties: elastic constants and coherency strain
energies of Al, Al3Sc and Al3Li
Calculations of the bulk elastic constants and coherency elastic strain energies assuming coherent interfaces
are described next. The lattice parameter mismatch at a

ð2Þ
ð3Þ

The calculated elastic constants B, A and hGvi of Al,
Al3Sc(L12) and Al3Li(L12) are listed in Table 2. The values
are in good agreement with experimental results and prior
ﬁrst-principles calculations [19,41]. It is found that Al3Sc
has the largest elastic constants, and Al3Li has the smallest
ones, with Al being intermediate between them.
It is diﬃcult to obtain completely reliable experimental
results for the bulk properties, particularly the elastic properties, of metastable d0 -Al3Li(L12). First-principles elastic
constants are therefore valuable, although prior calculations yielded inconsistent results. Guo et al. [40] reported
a ﬁrst-principles LDA value of C11 = 158 GPa, which is
larger than the experimental value, 123.6 GPa. Alternatively, Li et al. [42] calculated LDA values of C12 and
C44 of 57.1 and 70.4 GPa, respectively, which are signiﬁcantly larger than the experimental values of 37.2 and
42.8 GPa. Calculated GGA results for d0 -Al3Li(L12) are

Table 2
Lattice parameter ao, bulk modulus B, elastic constants Cij, anisotropy ratio A and Voigt averaged shear modulus hGvi from ﬁrst-principles calculations
(GGA); the results are compared with previous DFT calculations and experimental values (Exp.).
Al

Al3Sc

Exp.
a0 (Å)
C11 (GPa)
C12 (GPa)
C44 (GPa)
B (GPa)
A
hG iV (GPa)
a
b
c
d

GGA
a

4.010
124a
61.9a
31.6a
79.3a
1.21a
29.4a

4.032
109
64.5
32.4
79.3
1.46
28.3

DFT

Exp.
a

3.973
106.1a
68.6a
33.6a
79.2a
1.529a
–

b

4.101
183b
46.0b
68b
91.7b
0.99b
68.2b

Experimental data and LDA DFT calculations from Ref. [42].
Experimental data and LDA DFT calculations from Ref. [41].
Experimental data and LDA DFT calculations from Ref. [42].
LDA DFT calculations from Ref. [40].

Al3Li
GGA
4.103
188
43.7
71.4
91.8
0.99
71.7

DFT

Exp.
b

4.038
191b
43.0b
82.0b
91.6b
0.99b
–

c

3.972
123.6c
37.2c
42.8c
66.0c
1.01c
43.0c

GGA

DFT

4.021
122
33.3
52.3
62.9
1.18
49.2

3.949c
158.0d, 123.6c
29.4d, 37.2c
57.7d, 66.0c
72.3d
0.897d
60.3d
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epi
epi
^
^
^
DEeq
CS ðx; GÞ ¼ min½xDE A ðaS ; GÞ þ ð1  xÞDEB ðaS ; GÞ
aS

ð4Þ

^ is the
where aS is the constrained superlattice parameter, G
epi
direction, x is the mole fraction of phase A, DEA and Depi
B
are the epitaxial deformation energies of phases A and B,
^
respectively. The energy Eepi
A ðaS ; G) corresponds to the energy required to deform epitaxially material A to the lattice
^ and permits it to
constant aS in the plane orthogonal to G,
^
relax along G. The epitaxial deformation energy is related
to the epitaxial softening function:
epi
^
^ ¼ DE ðaS ; GÞ
qðaS ; GÞ
bulk
DE ðaS Þ

ð5Þ

DEbulk ðaS Þ is the energy required to deform hydrostatically
a bulk solid to the lattice constant aS. DFT calculations
yield the anharmonic strain energies from DEepi
A ðaS ; GÞ.
The coherency strain energies were calculated for Al/
Al3Sc(L12), Al/Al3Li(L12) and Al3Sc(L12)/Al3Li(L12) for
the [1 0 0], [1 1 0] and [1 1 1] directions (Fig. 1). For the systems involving Al3Sc(L12), it is found that the [1 0 0] direction is the elastically softest direction (that is, the one with
the smallest coherency strain energy). Al/Al3Sc(L12) has
the largest elastic strain energy among the three systems.
The strain energies of Al3Sc(L12)/Al3Li(L12) are about half
the magnitude of Al/Al3Sc(L12). Al/Al3Li(L12) has extremely small strain energies and, surprisingly, the [1 1 1]
direction exhibits the smallest strain energy. Since the
strain energy in this system is extremely small, the numerical noise in the calculations may be responsible for this
unusual elastically soft direction.

ΔEcs(meV/atom)

10
(a) Al-Al3Sc

111

8
110
6
100
4
2
0
0.0

0.2

0.4

0.6

0.8

at.%

Al

1.0

Al3Sc

ΔEcs(meV/atom)

0.10
(b) Al-Al3Li
0.08
0.06
110
100

0.04

111
0.02
0.00
0.0

0.2

0.4

0.6

0.8

at.%

Al

1.0

Al3Li

10

ΔEcs(meV/atom)

displayed in Table 2 and are signiﬁcantly closer to the
experimental results than previous calculations. The
authors suspect that the diﬀerences are because GGA
yields better values than LDA does for these systems.
This study now turns to the coherency elastic strain
energies, and they are calculated for Al/Al3Sc(L12), Al/
Al3Li(L12) and Al3Sc(L12)/Al3Li(L12) for diﬀerent strain
orientations. One can visualize this coherency strain as
the formation energy of coherent long-period ApBq superlattices, which are non-zero and depend on the superlattice
^ In the long-period limit p, q ! 1, and the
direction G.
interfacial energy becomes negligibly small in comparison
with the elastic strain energy needed to deform the constituents to a common in-plane lattice constant aS. The constituent strain energy is precisely this long-period
superlattice energy, and has been calculated previously
using DFT calculations for a number of systems [14,15,
43–51]. The following procedure is followed as used in
these previous studies.
The formation energy per atom of an A1B1 superlattice
^ with composition x is given by the constituent
along G
^
strain energy DEeq
CS ðx; GÞ, deﬁned as the equilibrium value
of the composition-weighted sum of the energies required
to deform bulk A and B to the epitaxial geometry with a
^ as given by
planar lattice constant aS perpendicular to G
[44]
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(c) Al3Li-Al3Sc
8
6
111
110
100

4
2
0
0.0

Al3Li

0.2

0.4

0.6

at.%

0.8

1.0

Al3Sc

Fig. 1. Calculated equilibrium coherency strain energies for: (a) Al/
Al3Sc(L12) (lattice parameter misﬁt: 1.7% from GGA and 2.2% from
experiments); (b) Al/Al3Li(L12) (lattice parameter misﬁt: 0.2% from GGA
and 0.9% from experiments); and (c) Al3Sc(L12)/Al3Li(L12) (lattice
parameter misﬁt: 2.0% from GGA and 3.0% from experiments). All the
strain energies are small in comparison with the chemical driving force
DFchem for Al3Sc(L12) and Al3Li(L12). The calculations were performed
for the (1 0 0), (1 1 0) and (1 1 1) planes.

3.3. Bulk properties: sublattice site preference and substitu
tion pathways of Sc and Li
There are two experimentally observed precipitate
phases in dilute Al–Sc–Li alloys, Al3Sc(L12) and d0 Al3Li(L12), which is consistent with the ground state calculations: speciﬁcally, the L12 structure has the smallest formation energies for Al3Sc(L12) and d0 -Al3Li(L12) [52].
The Al3Z(L12) (Z = Sc or Li) structure has two diﬀerent
sublattice sites, Al and Z. It has been determined experimentally that, in the ternary system, neither Al3Sc(L12)
nor d0 -Al3Li(L12) are perfectly stoichiometric. The precipi-
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tates contain both Li and Sc, respectively, as determined by
APT [10]. It is therefore important to understand the sublattice site preferences of Sc and Li, and the substitutional
pathways involved in L12 precipitation. Site substitution
energies are computed using 2  2  2 (32 atoms) Al3Sc
(or Al3Li) fully relaxed supercells. The substitutional structures were modeled by allowing Li (or Sc) to substitute on
two diﬀerent sublattice sites, either Al or Z (Sc or Li), in the
Al3Sc(L12) (or Al3Li(L12)) superlattice, and allowing the
structures to relax fully. The substitutional energies,
Al3 Sc
Al3 Sc
Al3 Li
Al3 Li
ELi!Al
and ELi!Sc
in Al3Sc, and ESc!Al
and ESc!Li
in Al3Li,
are deﬁned as follows:
h
 
i.
Al3 Sc
tot
ELi!Al
¼ Etot
nLi
ðAl1x Lix Þ3 Sc þ nAl lAl  E Al3 Sc þ nLi lLi

cally favorable for Li to occupy Sc sublattice sites in
Al3Sc(L12), and for Sc to occupy the Li sublattice site in
Al3Li(L12), which is in agreement with APT experiments
showing that Li and Sc share the same sublattice sites
[10]. The second substitutional pathway, whereby the
substitution of a solute element from the solid solution
results in the formation of additional Al3Z(L12), has the
smallest substitutional energy for both Li substitution in
Al3Sc(L12) and Sc substitution in Al3Li(L12): 0.059 eV
and 0.028 eV atom1, respectively.

ð6Þ

The phase fraction of precipitates that can form in a
solid solution is dependent on the solute concentration
and the solute solubility at given temperature. The calculation of solute solubility from ﬁrst principles is a very sensitive test of the accuracy of the present methods. Ozolins
and Asta [23] demonstrated previously that a quantitatively
accurate prediction of the solvus curve is possible for the
Al–Sc system. They also demonstrated that the eﬀect of
vibrational thermodynamics on the solvus curve is large,
and it increases the solubility by more than an order of
magnitude. Subsequently, solvus curves for other Al alloys
have been computed from ﬁrst principles, including Al–Cu
[13] and Al–Si [17], and the role of vibrational entropy in
these systems was also found to be large. Therefore, the
vibrational contributions are crucial for a ﬁrst-principles
calculation of solubility. The ﬁrst-principles Al–Sc solvus
curve calculations were repeated, and the calculations to
the Al–Li system extended.
The solubility limits of Sc or Li in Al(fcc) is calculated
using the ideal solution equation with the Al3Z (Z = Sc
or Li) phase treated as a stoichiometric line compound
and the solid-solution phase is taken as dilute. The solvus
curve between bulk Al and the Al3Z phases is then given by

Al3 Sc
ELi!Sc
¼

Al3 Li
ESc!Al
¼

Al3 Li
ESc!Li

¼

h



tot
Etot
Al3 ðSc1y Liy Þ þ nSc lSc  EAl3 Sc þ nLi lLi

h
h



Etot
ðAl1x Scx Þ3 Li þ nAl lAl





i.

nLi

ð7Þ

i.
 Etot
nSc
Al3 Li þ nSc lSc


tot
Etot
Al3 ðLi1y Scy Þ þ nLi lLi  EAl3 Li þ nSc lSc

i.

ð8Þ
nSc
ð9Þ

where Etot is the calculated total energy before and after
substitution, n is the number of substitutional atoms, x
and y are the fractions substituted (this research uses only
one substitutional atom, so x = 1/24 and y = 1/8), and l is
the chemical potential. The chemical potentials need to be
chosen carefully because of the diﬀerent substitutional
paths. Two possible reference states were considered: (1)
a dilute solid solution AlnZ (n = 31); and (2) the equilibrium Al3Z(L12) phase. For a dilute solution, the chemical
potential is calculated from the dilute solution Al31Z and
pure Al: lZ ¼ EAl31 Z  31EAl . For equilibrium Al3Z, the
chemical potential is calculated from Al3Z and pure Al:
lZ ¼ EAl3 Z  3EAl . The chemical potential values of Li
and Sc are 2.26, 7.43 eV atom1 for a dilute solution
and 2.30, 8.15 eV atom1 for the equilibrium Al3Z(L12)
phase.
The choice of the chemical potential used is determined
for each speciﬁc substitutional path, for which there are
four possible pathways for each solute element. The pathways for the substitution of Li in Al3Sc(L12), for example,
are as follows: (1) Li from the solid solution occupies the Al
or Sc sublattice site in Al3Sc(L12), and the substituted atom
(Al or Sc) goes into the solid solution; (2) Li from the solid
solution substitutes for Al or Sc in Al3Sc(L12), and the
atom substituted for forms additional Al3Sc(L12); (3) Li
from Al3Li(L12) substitutes for Al or Sc in Al3Sc(L12),
and the atom substituted for goes into solid solution; and
(4) Li from Al3Li(L12) substitutes for Al or Sc, which subsequently forms additional Al3Sc. Similar calculations were
performed for Sc substitution in Al3Li(L12). The calculated
substitutional energies are listed in Table 4. It is energeti-

3.4. Bulk properties: the solubility of Sc and Li in Al solid
solution



DGðAl3 ZÞ  DGðAln ZÞ
kB T




DH ðAl3 ZÞ  DH ðAln ZÞ
DSðAl3 ZÞ  DSðAln ZÞ
¼ exp
exp
kBT
kB

cs ¼ exp

ð10Þ

where kB is Boltzmann’s constant, DGðAl3 ZÞ and
DGðAln ZÞ are the Gibbs free energies of formation per solute atom Z for the Al3Z supercell and for a single Z impurity atom in Al(fcc), respectively. DH and DS are the
corresponding enthalpy and entropy contributions to the
Gibbs free energy of formation DGðAl3 ZÞ and DGðAln ZÞ.
A negative enthalpy contribution means that ordered
Al3Z dissolves into AlnZ (n = 31). The ﬁrst-principles excess enthalpy (Table 3), DH ðAl3 ZÞ  DGðAln ZÞ, is
0.72 eV solute atom1 for Al3Sc at 0 K, which is in excellent agreement with the values 0.72 [52], 0.76 [19] and
0.77 [35] eV solute atom1 determined from experimental
solvus curves by Hatch [52], calculations by Asta and

Z. Mao et al. / Acta Materialia 59 (2011) 3012–3023

Al3Sc
Al31Sc
Al3Li
Al31Li
fcc Al

DH0 (eV solute
atom1)

V0
(Å3)

1.815
1.094
0.394
0.275
0.00

17.27
16.87
16.35
16.40
16.44

DSvib (kB solute atom1)
DFT (this
work)

Ozolins et al.
[17]

2.48
0.18
0.38
0.09
0.00

2.80
0.15
–
–
0.00

Table 4
DFT calculated substitutional formation energies (eV per substitutional
atom) of Li and Sc in L12-ordered Al3Sc and Al3Li, respectively. A
substitutional atom (for example, Li) either from solid-solution AlnLi or
from Al3Li(L12). After substitution, the substituted atom, either goes into
solid solution or forms additional Al3Z(L12). From the calculations, the
substitutional path is that a Li atom from solid solution prefers
substituting for a Sc atom, and the substituted Sc atom forms additional
Al3Sc. Scandium has the same substitutional pattern.
Substituting
element

Substituted
element

Solution
(eV atom1)

Al3Z (eV atom1)

Li (AlnLi)

Al(in Al3Sc)
Sc(in Al3Sc)
Al(in Al3Sc)
Sc(in Al3Sc)
Al(in Al3Li)
Sc(in Al3Li)
Al(in Al3Li)
Sc(in Al3Li)

0.556
0.459
0.593
0.696
1.124
0.878
1.265
0.925

0.556
0.059 (preferred)
0.593
0.022
1.124
0.028 (preferred)
1.265
0.019

Li (Al3Li)
Sc (AlnSc)
Sc (Al3Sc)

ities with and without vibrational entropies are presented
in Figs. 2 and 3 for Al–Sc and Al–Li, respectively, where
they are compared with experimental results. In agreement
with the work of Asta and Ozolins [23], it is conﬁrmed that
the calculated solubility of Sc is in excellent agreement with
experiment [52,55–57], if the eﬀects of vibrational entropies
are included.
The vibrational entropies play a smaller role in the Li
solubility calculations. In the Al–Li system, the experimentally measured solvus curves of the metastable d0 Al3Li(L12) phase exhibit signiﬁcant scatter. Speciﬁcally,
the experimentally measured solubility [58–75] ranges from
2 to 14 at.% Li from 100 to 350 °C, with a signiﬁcant uncertainty for each measured solubility, owing to the metastability of the d0 -Al3Li(L12) phase. Despite this uncertainty,
the ﬁrst-principles calculated solvus curve of Li in Al is
in good agreement with the measured values. This agreement is somewhat surprising, since the present calculations
employ a dilute-solution approximation, whereas the solu-

1200

Temperature (K)

Table 3
DFT results for the excess enthalpies, equilibrium volumes per atom, and
vibrational excess entropies related to L12-ordered Al3Sc and Al3Li, dilute
solid solutions AlnSc and AlnLi.

1000
800
DFT (with vibrations)
DFT (no vibrations)
Experiments [74]

600
400
0.00

0.05

0.10

0.15

0.20

0.25

Sc at. %
Fig. 2. The experimental and ﬁrst-principles solvus curves for Al-rich
Al–Sc alloys. The solvus curves were calculated both with and without a
contribution from vibrational thermodynamics. The contribution from
vibrational entropy is signiﬁcant, and the inclusion of vibrational eﬀects
brings the DFT calculated solvus curve into excellent agreement with
experiments [83] and prior calculations [23].

800

Temperature (K)

Ozolins [19] and Wolverton and Ozolins [35], respectively.
For Al3Li(L12), the calculated excess enthalpy of
0.12 eV atom1 lies between the 0.28 eV atom1 [52]
and 0.04 eV atom1 values [35], respectively.
The vibrational entropy DSðAl3 ZÞ  DSðAln ZÞ contribution to solubility is discussed next. The harmonic phonon
dispersions of Al(fcc), Sc(hcp), Li(bcc), dilute fcc solid
solutions (AlnSc and AlnLi), and Al3Sc(L12) and
Al3Li(L12) were determined. The formation enthalpies
and vibrational entropies are listed in Table 3. A
3  3  3 superlattice was used for the vibrational entropy
calculations for both Sc(hcp) (total 27 atoms) and Li(bcc)
(total 27 atoms). The compounds Al3Sc(L12) and
Al3Li(L12) have negative vibrational formation entropies,
while AlnSc and AlnLi have positive vibrational entropies.
These results are in excellent agreement with prior calculations for Sc [17,53,54]. To the authors’ knowledge, analogous calculations have not been performed for Al–Li
alloys. The diﬀerence in excess entropies is 2.66kB and
0.47kB for Sc and Li, respectively, which corresponds to
DSvib = 22.12 J K1 mol1 and 3.87 J K1 mol1. These
values yield an approximate 14-fold increase in the calculated solubility of Sc in Al and an approximate twofold
increase in the calculated solubility of Li in Al compared
with the static calculations without vibrations. The solubil-
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600
400
DFT (with vibrations)
DFT (no vibrations)
experiments [66]

200
0

0

5

10

15

20

Li at. %
Fig. 3. The experimental and ﬁrst-principles solvus curves for Al-rich
Al–Li alloys. The solvus curves were calculated both with and without the
contribution due to vibrational thermodynamics. The contribution from
vibrational entropy is signiﬁcant and the inclusion of vibrational eﬀects
brings the DFT calculated solvus curve into good agreement with
experiments [75].
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bility of Li in Al is relatively large. The solvus curve calculations for Al–Sc and Al–Li give the present authors conﬁdence in the quantitative accuracy of their ﬁrst-principles
thermodynamic calculations.

The interfacial internal energies are calculated by subtracting the total energy of the phases on either side of
the interface from the total energy of a two-phase system
containing an interface:

3.5. Interfacial properties: energies of Al/Al3Sc, Al/Al3Li
and Al3Sc/Al3Li interfaces

ca=b ¼

The interfacial energies between diﬀerent phases are critical for determining the mechanisms that lead to the nucleation of precipitates with the L12 structure from a
disordered fcc solid solution. In contrast to the case of a
binary alloy, the precipitation in dilute Al–Sc–Li alloys is
complicated by the diﬀerent observed precipitate morphologies. For instance, experimentally, during a two-stage
aging treatment, both a0 -Al3Sc(L12) and d0 -Al3Li(L12) precipitates are observed in the ﬁrst stage at 350 °C, and a
core/shell structure precipitate, Al3Sc(L12)/Al3Li(L12), is
observed in the second aging stage at 200 °C [10]. The ﬁrst
aging stage yields the following precipitate/matrix interfaces: Al/Al3Sc(L12) and Al/Al3Li(L12). In the core/shell
precipitates, an additional interface is formed between the
core and the shell, that is, Al3Sc(L12)/Al3Li(L12). These
core/shell interfacial energies are currently unknown.
Interfacial energies were calculated employing the ﬁrstprinciples supercell approach. Since the values of the lattice
parameter mismatches of the phases present in Al–Sc–Li
are small (<2%), the interfacial structures are treated as
coherent. Three interfaces were constructed: Al/
Al3Sc(L12), Al/Al3Li(L12) and Al3Sc(L12)/Al3Li(L12).
And for each interface the energies were determined for
the (1 0 0), (1 1 0) and (1 1 1) interfacial orientations. The
interfacial conﬁgurations were constructed with the initial
positions on an ideal and uniform fcc lattice with a lattice
parameter of 4.037 Å for both phases. Subsequently, all
atomic positions, cell vectors and volume were fully
relaxed, and it was found that the relaxation can be accomplished more eﬃciently using a two-step procedure: (1) initially relax all atoms and the cell vector in the direction
perpendicular to the interface; and subsequently (2) relax
all degrees of freedom fully both perpendicular and parallel
to the interface plane. There are two equivalent interfaces
in each supercell, and a supercell with a separation of 3a
lattice parameters between these two interfaces was found
to be suﬃcient to ensure the convergence of the interfacial
energy calculations.

1 tot
tot
½E  ðEtot
a þ E b Þ  DEcs 
2S a=b

ð11Þ

where S is the interfacial area, the subscripts a and b denote the two phases across the interface plane (Al, Al3Sc
or Al3Li); Etot
a=b is the total internal energy of the relaxed
tot
a/b system containing an interface; Etot
a and Eb are the total internal energies of phases a and b, respectively, each relaxed to their own equilibrium geometry; and DECS is the
coherency strain energy between a and b (Fig. 1). The technique of calculating interfacial energy including strain effects is described by Wolverton and Zunger [76]. The
resulting calculated interfacial energies for both LDA and
GGA are listed in Table 5. Prior research for Al–Sc and
Al–Li alloys reported interfacial energy calculations using
LDA [77,78]. To the authors’ knowledge, a systematic
comparison of interfacial energies employing LDA and
GGA has not been reported. From the calculations, it is
found that the calculated interfacial energies using GGA
are similar to those calculated employing LDA. There is,
however, a small systematic shift of the GGA interfacial
energies predicting consistently smaller interfacial energies
than does LDA. This systematic shift is consistent with
the well-known tendency of LDA to predict overbinding
for a wide range of properties (for example, lattice parameters and elastic constants). GGA is often found to correct
the overbinding and, speciﬁcally, GGA predicts smaller
interfacial energies than does LDA, consistent with weaker
binding energies of atoms across the interface plane. The
Al/Al3Sc(L12) interface has the largest calculated interfacial energy, while the Al/Al3Li(L12) interfacial energy has
the smallest value, in agreement with prior LDA calculations [21,79]. The (1 0 0) interface is generally found to
have the smallest interfacial energy, because it does not
break any Al–transition metal bonds. The (1 0 0) interface
has a smaller interfacial energy than do the (1 1 0) and
(1 1 1) interfacial planes, in agreement with high resolution
electron microscopy results, which demonstrates that
Al3Sc(L12) precipitates develop large (1 0 0) facets and
small (1 1 0) and (1 1 1) facets as they nucleate, grow and
coarsen [3]. Using the Wulﬀ construction and the calculated interfacial energies, it can be shown that the equilib-

Table 5
DFT calculated interfacial energies of three diﬀerent interfaces (1 0 0), (1 1 0) and (1 1 1), using both LDA and GGA exchange correlations (mJ m2).
Type

Al/Al3Sc
Al/Al3Li
Al3Li/Al3Sc
a
b

[1 0 0]

[1 1 0]

[1 1 1]

Literature

LDA

GGA

Literature

LDA

GGA

Literature

LDA

GGA

192a
16b
–

176
14
94

165
12
83

–
22b
–

193
20
106

178
17
93

226a
27b
–

203
26
113

189
22
101

LDA DFT Refs. [19,78].
LDA DFT Ref. [77].
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rium morphology of an Al3Sc precipitate is a great rhombicuboctahdron [3,53]. In Section 3.6, the (1 0 0) interfacial
energies are used to calculate the critical net reversible
work and critical radius required for nucleation and to
model the stability of the core/shell structure [3]. It is
emphasized that these interfacial energies were calculated
for a sharp interface at 0 K, and that the T = 0 K values
overestimate the temperature-dependent interfacial free energy. For example, Asta et al. estimated the entropic contribution to the Al/Al3Sc(L12) interfacial energy, and
found that the values of interfacial energy decreases most
signiﬁcantly for the (1 1 1) plane as temperature increases
and only slightly decreases for (1 0 0) plane at 1000 K [78].
3.6. Nucleation properties: ﬁrst-principles nucleation barriers
and critical radii for Al3Sc(L12) and Al3Li(L12)
According to classical nucleation theory (CNT), the
thermodynamic barrier to nucleation is controlled by competition among: (1) a negative bulk volume free energy contribution, which is the chemical formation Helmholtz free
energy change DFchem; (2) a positive elastic internal strain
energy DEelastic; and (3) a positive interfacial free energy
contribution c [80,81]. Using CNT, the study aimed to
understand the thermodynamics for nucleation of
Al3Sc(L12) and Al3Li(L12) in an Al matrix. The ﬁrst-principles calculations for the bulk, strain and interfacial energies of these systems, which are required to calculate the
barrier to nucleation, are described above. And now these
quantities are assembled into a ﬁrst-principles prediction of
nucleation thermodynamics of Al3Sc(L12) and Al3Li(L12)
precipitates.
First, isolated homogeneous nucleation of spherical precipitates is considered. The reversible work for the formation of a spherical nucleus W homo
as a function of nucleus
R
radius R is given by [53,82]
W homo
¼
R

4p 3
R DF V þ 4pR2 c
3

ð12Þ

where
DF V ¼ DF chem þ DEelastic

DF chem ¼ DF ðAl3 ZÞ þ ðn  3ÞDF ðAlÞ  DF ðAln ZÞ
¼ ½DH ðAl3 ZÞ  DH ðAln ZÞ  T ½DSðAl3 ZÞ

The enthalpy H is taken to be equal to the internal energy
E, because in the solid state the pressure–volume term in H is
negligible compared with E. The entropy terms in Eq. (16)
are from the vibrational entropies of the ordered Al3Z and
AlnZ cells calculated above. In dilute AlnZ solution, since
the conﬁgurational entropy is much smaller in comparison
with vibrational entropy, its contribution was not considered. Using Eq. (16), the calculated values of DFchem at
350 °C are 45.9 meV atom1 (4.49  108 J m3) for
Al3Sc(L12) and 8.78 meV atom1 (8.58  107 J m3)
for Al3Li(L12). The values of DEelastic are calculated from
the coherency strains as previously explained. The maximum
elastic strains along the [1 0 0] direction, 1.89 meV atom1
(1.85  107 J m3) for Al/Al3Sc(L12) and 0.32 meV atom1
(3.08  106 J m3) for Al/Al3Li(L12), are used to calculate
R and W homo
ðR Þ (Eqs. (14) and (15)). These elastic internal
R
strain energies are <4% of the total nucleation free energies
of Al3Sc(L12) and Al3Li(L12). The quantity DFV (Fig. 4)
for Al3Sc(L12) and Al3Li(L12) is a function of temperature
because of the entropic term, and both values of DFV become
positive for T > 825 K. The calculated values of DFV in Fig. 4
are similar to the extrapolated results obtained by Hyland
for Al3Sc(L12) [5].
The calculated values of R are 8.36 Å for Al3Sc and
4.14 Å for Al3Li, and the values of W homo
ðR Þ are 3.4 and
R
22
23
0.12 meV (5.43  10
and 1.87  10
J) for Al3Sc(L12)
and Al3Li(L12), respectively. Fig. 4 demonstrates that
formation of Al3Li requires a smaller DFV than that of
Al3Sc at a given temperature <350 K. Hyland et al. calculated smaller values of the Al3Sc critical radius, 4.07 Å and
a net reversible work, 3.0 meV (4.85  1022 J), owing to
their use of c = 94 mJ m2; the latter value is from Monte
Carlo simulations using embedded atom method potentials, and is lower than the ﬁrst-principles T = 0 K calculated interfacial energy.

ð13Þ

100

ð14Þ

and the critical net reversible work required for the formation of a critical spherical nucleus W homo
ðR Þ with radius R
R
is given by
W

homo
ðR Þ
R

16p
c3
¼
3 ðDF chem þ DEelastic Þ2

ð15Þ

The chemical formation energies were calculated based
on the nucleation of Al3Z (L12) from a dilute solid solution, Aln Z ! Al3 Z þ Aln3 , where Z = Sc or Li, and
n = 31. The equation for DF chem is given by

ΔFV (meV/atom)

2c
R ¼
DF chem þ DEelastic

ð16Þ

 DSðAln ZÞ



The critical radius R for nucleation is given by
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Fig. 4. The experimental and ﬁrst-principles calculated nucleation free
energy DFV of Al3Sc and Al3Li as function of temperature (K). The
calculated DFV is in excellent agreement with Hyland’s extrapolated
results for Al3Sc(L12) [5].
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To investigate the nucleation of core/shell morphologies, consider the case of heterogeneous nucleation, where
an g-phase nucleates at the interface between the a and b
phases. Three interfacial energies are important in this
nucleation process: ca/b, ca/g and cb/g. There are two wetting angles involved: h1 between a and g, and h2 between
b and g. The angles h1 and h2 are involved in the balance
of forces at the point of contact between the nucleus and
the boundary, parallel and vertical to the contacting
interface.
ca=g  sin h1 ¼ cb=g  sin h2

ð17Þ

ca=g  cos h1 þ cb=g  cos h2 ¼ ca=b

ð18Þ

The angles h1 and h2 are then given by
cos h1 ¼

c2a=b þ c2a=g  c2b=g

ð19Þ

2  ca=b  cb=g

cos h2 ¼

c2a=b þ c2b=g  c2a=g
2  ca=b  cb=g

ð20Þ

There are two possible heterogeneous nucleation mechanisms: (1) Al3Li(L12) nucleates on Al3Sc(L12); or (2)
Al3Sc(L12) nucleates on Al3Li(L12). In case 1, since
cAl=Al3 Sc  cAl=Al3 Li and cAl=Al3 Sc > cAlSc=Al3 Li , the wetting
angles h1 and h2 for an Al3Li(L12) nucleus on an
Al3Sc(L12) surface are 0°, implying that Al3Li(L12) completely wets an Al3Sc(L12) surface, and therefore nucleation is energetically preferred and barrierless.
Alternatively, the value of h1 of an Al3Sc(L12) nucleus on
an Al3Li(L12) surface is 180° and there is no wetting, which
implies that Al3Sc(L12) cannot nucleate on an Al3Li(L12)
surface. These results provide an explanation for the fact
that Al3Li(L12)/Al3Sc(L12) core/shell precipitates are not
observed experimentally, but only Al3Sc(L12)/Al3Li(L12)
core/shell precipitates are observed [10].

Hetero

Homo

RAl3Sc

R1
R2

Al3Sc

RAl3Li
Al3Li

Al3Sc

Al3Li

5

-50 eV
0 eV
50 eV
100 eV
150 eV

RAl3Li (nm)

4

3

Core shell

2

1

isolated precipitates
1

2

3

4

5

RAl3Sc (nm)
Fig. 5. The stability of core/shell precipitates of Al3Sc(L12)/Al3Li(L12) in Al–Sc–Li alloys. Two morphologies are considered: (a) an Al3Sc(L12)/
Al3Li(L12) core/shell scenario (labeled “hetero”); (b) two separate Al3Li(L12) and Al3Sc(L12) precipitates (labeled “homo”). The energy
DE = Ehomo  Ehetero from DFT calculations shows that the heterogeneous core/shell scenario is more favorable than separate precipitates, in agreement
with the experimental observations for an Al–Sc–Li alloy [10].
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3.7. Energetic stability of precipitate morphologies: core/
shell vs. isolated precipitate structures
The isolated nucleation of Al3Sc(L12) and metastable
Al3Li(L12) precipitates was discussed above. Al3Li(L12)
precipitates nucleate more readily than do Al3Sc(L12)
precipitates in Al. The stability of core/shell precipitates
is now discussed, based on the nucleation free energies
and interfacial energies calculated. Core/shell precipitates
are observed in dilute Al–Sc–Li alloys, thus it is important to compare the stabilities of core/shell precipitates
with isolated precipitates. From the calculations,
cAl=Al3 Sc is signiﬁcantly greater than cAl=Al3 Li and
cAl3 Li=Al3 Sc . Al3Li(L12) can completely wet an Al3Sc(L12)
surface (wetting angle is 0°) if the concentration of Li
is larger than that of Sc and the radius of Al3Sc spherical precipitate is larger than its critical value 8.36 Å, but
Al3Sc(L12) cannot wet an Al3Li(L12) surface (wetting
angle is 180°). Thus, the Al3Li(core)/Al3Sc(shell) structure is energetically unfavorable. Therefore, only Al3Sc
(core)/Al3Li(shell) and isolated Al3Sc(L12) and Al3Li(L12)
precipitates are discussed. A model was constructed
based on DFT energetics (Fig. 5) to compare the relative
stabilities between the two possible precipitate morphologies in the Al–Sc–Li system. The two morphologies and
their calculated energies are displayed in Fig. 5. First,
two isolated Al3Li(L12) and Al3Sc(L12) precipitates are
considered, labeled “homo”, and then a core/shell structure, labeled “hetero”. The energy diﬀerence between
these two possibilities is as follows:
DE ¼ Ehomo  Ehetero

4 
Ehomo ¼ p R3Al3 Li DF Al3 Li þ R3Al3 Sc DF Al3 Sc
3


þ 4p R2Al3 Li cAl=Al3 Li þ R2Al3 Sc cAl=Al3 Sc

ð22Þ


4 
Ehetero ¼ p ðR32  R31 ÞDF Al3 Li þ R31 DF Al3 Sc
3


þ 4p R21 cAl3 Li=Al3 Sc þ R22 cAl=Al3 Li

ð23Þ

ð21Þ

The volume of the precipitates is a constant for both
cases. It is found (Fig. 5) that the hetero core/shell case is
energetically more favorable than isolated precipitates,
provided that there is a suﬃcient Li concentration to cover
the Al3Sc core completely if the Li concentration is greater
than the Sc concentration. A detailed study by APT of the
chemical compositions of precipitates in the Al–Li–Sc system reveals two populations of precipitates [10]: larger
Al3Sc(core)/Al3Li(shell) precipitates and isolated homogeneously distributed smaller Al3Li(L12) precipitates. The
calculations are in agreement with these experimental
observations. It is found that only individual Al3Sc(L12)
precipitates are favorable when the Li concentration is less
than the Sc concentration, that is, there is insuﬃcient Li in
the alloy to cover the Al3Sc core.
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4. Conclusions
The nucleation and stability of the precipitates in Al–
Sc–Li alloys were systematically studied based on bulk
thermodynamics (static total energies and vibrational free
energies) and interfacial energies by ﬁrst-principles calculations, leading to the following conclusions.
(1) The coherency strains of Al/Al3Sc, Al/Al3Li and
Al3Sc/Al3Li structures are determined using a harmonic approximation. Owing to relatively small lattice parameter mismatches in these systems, all the
calculated strain energies are small and contribute
<4% to the total nucleation free energies of
Al3Sc(L12) and Al3Li(L12).
(2) Lithium and scandium share the same sublattice sites
in the L12-ordered structures, and the solubilities of
Sc in Al3Li(L12) and of Li in Al3Sc(L12) are non-zero.
This result is in excellent agreement with APT experiments [10,11], with the Li concentration varying
from 12 to 21 at.% in the Al3Sc core and Al3Li shell
after aging treatments.
(3) During precipitation, the energetically most favorable
solute substitutional path involves diﬀusion of Li (or
Sc) from the solid solution and substitution for Sc (or
Li) in Al3Sc (or Al3Li). The related substitutional formation
energies
are
0.059 eV
and
0.028 eV atom1, respectively. The displaced Sc
(or Li) atom then leads to the precipitation of additional L12-ordered Al3Sc (or Al3Li) precipitates.
(4) The solubilities of Sc and Li in Al alloys are in good
agreement with the experimental results and previous
phonon vibrational calculations. The vibrational contributions to the free energies give a 14-fold increase
in the calculated solubility of Sc in Al and a twofold
increase in the calculated solubility of Li in Al when
compared with the static-energy calculations.
(5) The interfacial energies of (1 0 0), (1 1 0) and (1 1 1)
interfaces are obtained by both LDA and GGA
methods. There is a small systematic shift of the interfacial energies, with GGA predicting consistently
smaller interfacial energies than does LDA. This systematic shift is consistent with the well-known tendency of LDA to predict overbinding of a wide
range of properties.
(6) The interfacial energy of Al/Al3Sc (165 mJ m2 for
(1 0 0) plane from GGA) is signiﬁcantly greater than
that of Al/Al3Li (12 mJ m2 for (1 0 0) plane), and
Al3Sc/Al3Li (83 mJ m2 for (1 0 0) plane) interfaces,
implying that the possible precipitate structures are:
(1) isolated Al3Sc(L12) and Al3Li(L12) precipitates;
and (2) a stable Al3Sc(L12)/Al3Li(L12) core/shell
structure, as observed experimentally.
(7) From CNT, the nucleation of Al3Li(L12) is much easier than Al3Sc(L12) at 350 °C. The calculated critical
radius of Al3Li(L12) (4.14 Å) is smaller than that of
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Al3Sc(L12) (8.36 Å). The critical net reversible work
required is 3.4 and 0.12 meV (5.43  1022 and
1.87  1023 J) for Al3Sc(L12) and Al3Li(L12),
respectively.
(8) If the Li concentration in the alloy is larger than the
Sc concentration and the radius of Al3Sc(L12) spherical precipitate is greater than its critical value 8.36 Å,
Al3Li(L12) will wet Al3Sc(L12), decreasing the interfacial energy of the system and leading to stable
core/shell precipitates. Since the Sc solubility is small
and the Li solubility is large, this core/shell structure
is thermodynamically stable.
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